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Abstract
In this work we study the scalar power spectrum and the spectral index for
the Starobinsky inflationary model using the phase integral method up-to
third-order of approximation. We show that the semiclassical methods re-
produce the scalar power spectrum for the Starobinsky model with a good
accuracy, and the value of the spectral index compares favorably with ob-
servations. Also, we compare the results with the uniform approximation
method and the second-order slow-roll approximation.
Keywords: Cosmological Perturbations; Starobinsky inflationary model; Semi-
classical Methods.
1. Introduction
Historically, inflation was introduced to solve the fine-tuning problems [1].
However, it has another important motivation, this theory predicts the emer-
gence of curvature perturbations with an almost scale invariant power spec-
trum, which causes the Cosmic Microwave Background (CMB) anisotropies
and the large scale structure of the universe [2]. The CMB anisotropies allow
us to probe the validity of any model of inflation through the comparison
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of the predicted power spectrum with observations. The anisotropies of the
CMB allow us to probe the primordial power spectrum generated in an epoch
of cosmological inflation.
Inflation is defined as a period of evolution of the Universe where the
expansion was accelerated, so a¨(t) > 0, being a(t) the scale factor. The
fundamental characteristic of this theory is a period of expansion extremely
fast in a very short period of time that happened when the Universe was
extremely young [3]. The condition for inflation also can be written as p <
−ρ
3
, then to produce inflation we need matter with the property of having
negative pressure. The matter with this property is a scalar field φ, called
inflaton. Considering that the dynamics of the inflation field is dictated by
a certain potential, which is different for each model of inflation, when the
potential V (φ) dominates over the kinetic term φ˙2 we have inflation.
The study of plenty models of inflation has been subject to research in the
last few decades [4]. According to the recent results reported by the satellite
Planck [5], the Starobinsky potential is an inflationary model supported by
observations. This model was introduced in the eighties by Starobinsky [6]
and has been the cause of interest in recent years [7, 8, 9, 10, 11, 12, 13].
The standard method for studying the scalar power spectrum is the slow-
roll approximation. Another way is to solve numerically the perturbation
equation (i.e. Mukhanov-Sasaki equation). In recent years, semi-classical
methods have appeared in the literature as an alternative way to study the
equation of perturbations and calculate the power spectrum [14, 15, 16, 17,
18, 19, 20]. The calculation of the scalar power spectrum with the uniform
approximation method or the phase-integral method are faster than the cal-
culations made with a numerical code.
The article is structured as follows: In Sec. II we show the Starobinsky
potential. In Sec. III we show the equations of motion of the Universe and
present their solutions numerically and with the slow-roll approximation. In
section IV we present the equation of perturbations and its solution with
the uniform approximation method and with the phase-integral method up
to third-order of approximation to obtain the scalar power spectrum. Also
we present the calculation of the scalar power spectrum inside the second-
order slow-roll approximation. In section V, we compare the calculation of
the scalar power spectrum obtained in section IV with numerical calculation.
In Sec. VI we summarize our results. Finally, in Sec. VII we express our
acknowledgment.
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2. Starobinsky potential
The Starobinsky potential is given by [4, 21]
V (φ) = M4
(
1− e−
√
2/3φ
)2
, (1)
whereM =
√
3
2
1.13×10−5 [22]. In Fig. 1 we show the Starobinsky potential,
at first sight the potential is sufficiently flat to produce inflation.
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Figure 1: Starobinsky potential.
3. Equations of motion
The equation of motion for a single scalar field are given by the Friedmann
equation and the continuity equation
H2 =
1
3
[
V (φ) +
1
2
φ˙2
]
, (2)
φ¨+ 3Hφ˙ = −V,φ, (3)
where the dots indicate derivatives with respect to physical time t.
For the Starobinsky inflationary model the Eqs. (2) and (3) are not
exactly solvable in closed form, they can be solved numerically or using the
3
slow-roll approximation. Using the slow-roll approximation, φ˙2 < V (φ),
equations (2) and (3) becomes [3]
H2 ≃ 1
3
V (φ), (4)
3Hφ˙ ≃ −V,φ. (5)
The slow-roll parameters are given by [3],
ǫ =
1
2
(
V,φ
V
)2
, (6)
δ =
Vφφ
V
. (7)
The number of e-foldings inside the slow-roll approximation is given by:
N ≃
∫ φini
φend
V
V,φ
dφ, (8)
where φend is defined by ǫ (φend) when inflation ends.
3.1. Solutions to the equations of motion
3.1.1. Numerical solution
The equations of motion (2) and (3) are solved numerically using the Soft-
ware Mathematica® version 12.0. Solving this system of coupled differential
equations we obtain the behaviour of the scalar field and the scale factor
with the cosmic time. In Fig. 2 we can observe the evolution of the scalar
field φ, when the scalar field starts to oscillate inflation ends, this occurs at
t = 1.27 × 107. In Fig. 3 we can observe the evolution of the scale factor a
with time.
3.1.2. Slow-roll approximation
For the Starobinsky potential, the slow-roll equations. (4) and (5) be-
comes
H ≃= M
2
√
3
(
1− e−
√
2/3φ
)
, (9)
3Hφ˙ ≃ −2
√
2
3
M2
(
1− e−
√
2/3φ
)
. (10)
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Figure 2: Evolution of the scalar field φ for the Starobinsky inflationary model.
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Figure 3: Evolution of the scale factor a for the Starobinsky inflationary model.
From equations (9) and (10) we can obtain the expressions for the scale
factor and the scalar field inside the slow-roll approximation
5
asr(t) ≃ Exp
[
M2t√
3
− 3
4
ln
(
e
√
2/3φini
)
+
3
4
ln
(
e
√
2/3φini − 4M
2t
3
√
3
)]
, (11)
φsr(t) ≃
√
3
2
ln
[
1
9
(
e
√
2/3φini − 4
√
3M2t
)]
. (12)
The behaviour of the scalar field φ and the scale factor a inside the slow-
roll approximation are shown in Fig. 4 and 5, respectively.
According to Eqs. (6) and (7) the slow-roll parameters for the Starobinsky
inflationary model are given by [10, 12]:
ǫ ≃ 4
3
(
e
√
2/3φ − 1
)2 , (13)
δ ≃ −4
3
(
e
√
2/3φ − 2
)2
(
e
√
2/3φ − 1
)2 . (14)
At the end of inflation ǫ = 1, then from Eq. (13) we obtain that φend =
0.940. The number of e-foldings are given by [12]
Nsr =
1
4
[
3e
√
2/3φini − 3e
√
2/3φend +
√
6 (φend − φini)
]
. (15)
To solve the fine-tuning problems it is required N ≥ 60, from Eq. (15)
we obtain that φini ≥ 5.57.
4. Equation of perturbations
Since the scale factor a and the field φ exhibit a simpler form in the phys-
ical time t than in the conformal time η, we proceed to write the equations
for the scalar perturbations in the variable t. The relation between t and
6
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Figure 4: Evolution of the scalar field φ for the Starobinsky inflationary model inside the
slow-roll approximation.
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Figure 5: Evolution of the scale factor a for the Starobinsky inflationary model inside the
slow-roll approximation.
η is given via the equation dt = adη. In this case, the equation for the
perturbations can be written as
u¨k +
a˙
a
u˙k +
1
a2
[
k2 − (a˙z˙S + az¨S) a
zS
]
uk = 0, (16)
where zS = aφ˙/H.
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In order to apply the phase-integral approximation, we eliminate the
terms u˙k in Eq. (16). We make the change of variables uk(t) =
Uk(t)√
a
, obtain-
ing that Uk satisfy the differential equation:
U¨k +RS(k, t)Uk = 0, (17)
with
RS(k, t) =
1
a2
[
k2 − (a˙z˙S + az¨S) a
zS
]
+
1
4a2
(
a2 − 2aa¨) , (18)
where RS(k, t) is calculated numerically and U(k) satisfies the asymptotic
conditions
Uk → Ak
√
a(t)zS(t), k t→∞, (19)
Uk →
√
a(t)
2k
exp [−ikη(t)], k t→ 0. (20)
In order to apply the asymptotic condition (20), we use the relation be-
tween η and t, which is given by:
dη =
∫ t
tini
dt
a(t)
, (21)
where tini = 1.27× 107, so that η is zero at the end of the inflationary epoch.
The dependence of η on t is shown in Fig. 6.
From Fig. 6 we can observe that,
when − k η → 0 ⇒ k t→∞, (22)
when − k η →∞ ⇒ k t→ 0. (23)
Eq. (16), does not possess an exact analytical solution. In order to solve the
differential equation governing the scalar perturbations in the physical time t,
we solve this equation numerically, then we use the slow-roll approximation,
the uniform approximation, the third-order phase integral approximation,
and compare this results with the numerical calculation.
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Figure 6: Behaviour of η as a function of the physical time t for the Starobinsky
inflationary model.
In order to solve the equation of perturbations with the semiclassical
methods we have done a fit to the numerical data for the scalar field and the
scale factor. We have obtained the following expressions
afit = 2.71828
(−3.41091+5.65×10−6t)(94.4326− 7.53333× 10−6t)3/4,
(24)
φfit = 1.23235 ln
(
91.8173− 7.24641× 10−6t) . (25)
Once the mode equations for scalar perturbations is solved for different
values of k, the power spectrum for scalar modes is given by the expression
[23]
PS(k) = lim−kη→0
k3
2π2
∣∣∣∣uk(η)zS(η)
∣∣∣∣
2
. (26)
The power spectrum is usually fitted as a power-law PS(k) ∝ knS−1, where
nS corresponds to the spectral index.
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4.1. Solutions of the perturbation equation
4.1.1. Slow-roll approximation
The scalar power spectra in the slow-roll approximation to second-order
is given by the expression [24]
P srS (k) ≃
[
1 + (4b− 2)ǫ1 + 2bδ1 +
(
3b2 + 2b− 22
+
29π2
12
)
ǫ1δ1 +
(
3b2 − 4 + 5π
2
12
)
δ21
+
(
−b2 + π
2
12
)
δ2
] (
H
2π
)2(
H
φ˙
)2∣∣∣∣∣
k=aH
, (27)
where b is the Euler constant, 2 − ln 2 − b ≃ 0.7296, ln 2 + b − 1 ≃ 0.2704,
and
ǫ1 =
H˙
H2
, (28)
δ1 =
1
Hφ˙
d2φ
dt2
, (29)
δ2 =
1
H2φ˙
d3φ
dt3
. (30)
The spectral index in the slow-roll approximation is
nsrS (k) ≃ 1− 4ǫ1 − 2δ1 + (8c− 8)ǫ21 + (10c− 6)ǫ1δ1.
(31)
The expression (27) depends explicitly on time. In order to compute the
scalar power spectrum we need to obtain the dependence on the variable k.
For a given value of k (0.0001Mpc−1 ≤ k ≤ 10Mpc−1) we obtain t∗ from the
relation k = aH .
4.1.2. Uniform approximation
We want to obtain an approximate solution to the differential equation
(17) in the range where Q2S(k, t) have a simple root at tret = υS, so that
10
Q2S(k, t) > 0 for 0 < t < tret and Q
2
S(k, t) < 0 for t > tret as depicted in
Fig. 7(a). Using the uniform approximation method [25, 14, 17, 18, 19], we
obtain that for 0 < t < tret
Uk(k, t) =
[
ρl(k, t)
Q2S(k, t)
]1/4
{C1Ai[−ρl(k, t)]
+ C2Bi[−ρl(k, t)]} , (32)
2
3
[ρl(k, t)]
3/2 =
∫ tret
t
[
Q2S(k, t)
]1/2
dt, (33)
where C1 and C2 are two constants to be determined with the help of the
boundary conditions (20). For t > tret
Uk(k, t) =
[−ρr(k, t)
Q2S(k, t)
]1/4
{C1Ai[ρr(k, t)]
+ C2Bi[ρr(k, t)]} , (34)
2
3
[ρr(k, t)]
3/2 =
∫ t
tret
[−Q2S(k, t)]1/2 dt, (35)
For the computation of the power spectrum we need to take the limit
k t→∞ of the solution (34). In this limit we have
uuak (t) →
C√
2 a(t)
[−Q2S(k, t)]−1/2
×
{
1
2
exp
(
−
∫ t
υS
[−Q2S(k, t)]1/2 dt
)
+ i exp
(∫ t
υS
[−Q2S(k, t)]1/2 dt
)}
, (36)
where C is a phase factor. Using the growing part of the solutions (36), one
can compute the scalar power spectrum using the uniform approximation
method,
PS(k) = lim−kt→∞
k3
2π2
∣∣∣∣u
ua
k (t)
zS(t)
∣∣∣∣
2
. (37)
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4.1.3. Phase-integral approximation
In order to solve Eq. (17) with the help of the phase-integral approxima-
tion [26], we choose the following base functions QS for the scalar perturba-
tions
Q2S(k, t) = RS(k, t), (38)
where RS(k, t) is given by Eq. (18). Using this selection, the phase-integral
approximation is valid as kt → ∞, limit where we should impose the con-
dition (19), where the validity condition µ ≪ 1 holds. The bases functions
QS(k, t) possess turning points, for each mode k this turning points represent
the horizon. There are two ranges where to define the solution. To the left
of the turning point 0 < t < tret we have the classically permitted region
Q2S(k, t) > 0 and to the right of the turning point t > tret corresponding to
the classically forbidden region Q2S(k, t) < 0, such as it is shown in Figs 7(a).
The mode k equations for the scalar perturbations (17) in the phase-
integral approximation has two solutions:
For 0 < t < tret
upik (t) =
c1√
a(t)
∣∣∣q−1/2S (k, t)
∣∣∣ cos [|ωS(k, t)| − π
4
]
+
c2√
a(t)
∣∣∣q−1/2S (k, t)
∣∣∣ cos [|ωS(k, t)|+ π
4
]
. (39)
For t > tret
upik (t) =
c1
2
√
a(t)
∣∣∣q−1/2S (k, t)
∣∣∣ exp [− |ωS(k, t)|]
+
c2√
a(t)
∣∣∣q−1/2S (k, t)
∣∣∣ exp [|ωS(k, t)|] . (40)
Using the phase-integral approximation up to third order (2N +1 = 3→
N = 1), we have that qS(k, t) can be expanded in the form
qS(k, t) =
1∑
n=0
Y2nS(k, t)QS(k, t) (41)
= [Y0S(k, t) + Y2S(k, t)]QS(k, t). (42)
12
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Figure 7: (a) Behaviour ofQ2S(k, t). (b) Contour of integration ΓνS(t) for 0 < t < νS.
(c) Contour of integration ΓνS(t) for t > νS. The dashed lined indicates the part
of the path on the second Riemann sheet.
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In order to compute qS(k, t), we compute Y2S(k, t), and the required func-
tions ε0S(k, t). The expression (42) gives a third-order approximation for
qS(k, t). In order to compute ωS(k, t) we make a contour integration follow-
ing the path indicated in Fig. 7(b)-(c).
ωS(k, t) = ω0S(k, t) + ω2S(k, t), (43)
=
∫ t
υS
QS(k, t)dt+
1
2
∫
ΓυS
Y2S(k, t)QS(k, t)dt, (44)
=
∫ t
υS
QS(k, t)dt+
1
2
∫
ΓυS
f2S(k, t)dt, (45)
where
f2nS(k, t) = Y2S(k, t)QS(k, t). (46)
The functions f2S(k, t) have the following functional dependence:
f2S(k, t) = A(k, t)(t− υS)−5/2, (47)
where A(k, t) is regular at υS . With the help of the function (47) we compute
the integrals for ω2n up to N = 1 using the contour indicated in Fig. 7(b)-(c).
The expressions for ω2n permit one to obtain the third-order phase integral
approximation of the solution to the equation for scalar perturbations (17).
The constants c1 and c2 are obtained using the limit k t→ 0 of the solutions
on the left side of the turning point (39), and are given by the expressions
c1 = −i c2, (48)
c2 =
e−i
pi
4√
2
e−i[k η(0)+|ω0S (k,0)|]. (49)
In order to compute the scalar power spectrum, we need to calculate the
limit as k t→∞ of the growing part of the solutions on the right side of the
turning point given by Eq. (40) for scalar perturbations.
PS(k) = lim−kt→∞
k3
2π2
∣∣∣∣∣
upik (t)
zS(t)
∣∣∣∣∣
2
. (50)
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5. Results
We have calculated the scalar power spectrum for the Starobinsky infla-
tionary model, with the second-order slow-roll approximation, the uniform-
approximation and, the phase-integral method up to third-order of approxi-
mation. Figure 8 shows PS(k) using each method of approximation. We can
observe that the semiclassical methods work very well and they are of easiest
implementation that the numerical method.
0.0001 0.001 0.01 0.1 1 10
k [Mpc-1]
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3.00
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 [ x
 10
-
9 ]
0.001
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2.30
2.31
2.32
P S
(k)
 [ x
 10
-
9 ]
Figure 8: PS(k) for the Starobinsky inflationary model. Solid line: numerical result; dashed
line: third-order phase-integral approximation; dot-dashed line: uniform approximation,
dotted line: second-order slow-roll. The inset is an enlargement of the figure.
Fig. 9 shows the relative error of each approximation method with re-
spect to the numerical result. The uniform approximation deviates from the
numerical result in 11%, the second-order slow roll approximation deviates
in 1.39%, whereas that the phase-integral approximation up to third-order
reduces to 0.28%.
Doing a fitting of the power spectrum to a power-law form PS(k) ∝ knS−1
the value of the spectral index for each approximation method is given in
table 1. The value of the spectral index according to the Planck result is
nS = 0.960 ± 0.007 [27], then our results are according to the observational
data.
15
0.01 0.1 1 10
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0
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|er
ror
 re
l. P
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Figure 9: Relative error with respect to the numerical result of PS(k) for the Starobinsky
inflationary model. Dashed line: third-order phase-integral approximation; dot-dashed
line: uniform approximation, dotted line: second-order slow-roll approximation.
Method nS rel. err (%)
Numerical 0.967351
Second-order slow roll 0.967103 0.025637
Uniform approximation 0.967505 0.015920
Phase integral method 0.967486 0.013956
Table 1: Value of nS obtained with different approximation methods for the Starobinsky
inflationary model.
6. Conclusions
As in our previous work [17, 18, 19, 20] we have showed that the semi-
classical methods are useful tools to calculate the scalar power spectrum and
the spectral index for different inflationary models. We have obtained for
the Starobinsky inflationary model a relative error of the order of 11% with
the uniform approximation method, a relative error of order 1.39% for the
second-order slow-roll approximation, and a relative error of order 0.28%
with the phase integral method up to third-order in approximation. Also the
spectral index is according to the results of Planck 2018 [5].
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